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Unsteady-State Permeate Flux of Crossflow 
M icrof iltration 

DONG-JANG CHANG and SHYH-JYE HWANG* 
DEPARTMENT OF CHEMICAL ENGINEERING 
NATIONAL TSING HUA UNIVERSITY 
HSINCHU, TAIWAN 30043, REPUBLIC OF CHINA 

ABSTRACT 

In this study a membrane filtration cell was installed to investigate the variation 
of permeate flux with filtration time under various operating conditions including 
crossflow velocity, pressure drop, particle concentration, membrane pore size. 
particle size, pH, and electrolyte concentration. The dimensions of the filtration 
channel in the CFMF cell were 6 cm x 0.6 cm x 0.036 cm, and the flow of the 
suspension in the channel was controlled under the laminar flow region. Spherical 
polystyrene latex particles of 0.303,0.606. and 1.020 pm were used as the suspen- 
sion particles in the experiments. The density of the particles was 1.05 g/crn3. It 
was found that the unsteady-state permeate flux increased with an increase in 
particle size, membrane pore size, or crossflow velocity, but decreased with an 
increase in particle concentration or electrolyte concentration in the suspension. 
A mathematical model based on mass balance and hydrodynamic theory was de- 
veloped in this study. In addition, the effect of cake growth and particle concentra- 
tion decline during experiments on the permeate flux were also considered in 
this model. This model predicts satisfactorily the unsteady-state permeate flux of 
CFMF under various operating conditions. 

INTRODUCTION 

The crossflow microfiltration (CFMF) technique, which can remove 
particles of 0.1-10 pm effectively. has been widely developed and utilized 
in water and wastewater treatment processes. The major factor affecting 
the separation efficiency of CFMF is the formation of a cake layer on the 
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1594 CHANG AND HWANG 

surface of the membrane. The permeate flux decreases with filtration time 
due to increasing hydraulic resistance of the growing cake layer. However, 
for every operating condition, a steady state will be reached where the 
cake thickness and permeate flux remain constant. This is in contrast to 
the conventional filtration process in which the cake keeps growing with 
filtration time. 

Several hydrodynamic models have been developed to describe the per- 
formance of CFMF under steady-state conditions (1 -5). However, hydro- 
dynamic models predicting the unsteady-state permeate flux of CFMF are 
limited (6-9). Moreover, the applicability of these mathematical models 
over a wide range of operating conditions including erossflow velocity, 
pressure drop, particle concentration, membrane pore size, particle size, 
pH, and electrolyte concentration is questionable because all of the coeffi- 
cients appearing in those models are obtained from empirical correlations. 
Since these operating parameters greatly affect the performance of CFMF 
in water and wastewater treatment processes, a more universal model 
describing the behavior of CFMF under various operating conditions is 
urgently needed. Thus, a mathematical model based on mass balance and 
hydrodynamic theory is proposed in this study to predict the unsteady- 
state permeate flux of CFMF under various operating conditions. 

THEORETICAL DEVELOPMENT 

Hydrodynamic Model 

Three assumptions were made in the development of the model: 

Particles cannot penetrate into or through the membrane. 
Uniform voidage of the cake during the cake growth period. 
Particles deposited beneath the membrane to form the cake during 
unsteady state will not be resuspended. 

A schematic representation of model is shown in Fig. 1. As shown, 
deposition of particles below the membrane takes place due to the drag 
force resulting from convective transport of the permeate flux, u p .  The 
permeate flux is evaluated by Darcy’s equation for constant pressure fil- 
tration: 

1. 
2. 
3.  

However, there is backtransport of particles away from the vicinity of 
the cake due to backtransport velocity, ut. The backtransport velocity is 
the summation of velocities due to lateral migration, shear-induced diffu- 
sion, Brownian diffusion, gravity, and double-layer repulsion. The lateral 
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Permeate 

Membrane 

Cake 

U t  

FIG. 1 Schematic representation of the model. 

lift velocity, ul ,  was proposed by Altena and Belfort (10): 

(2) 

The values of the velocities due to shear-induced diffusion ( u s ) ,  Brownian 
diffusion ( ub), and double-layer repulsion (u,) were obtained by Cohen 
and Probstein (11) and Wiesner et al. (12): 

0.43pii;d; 
I*.h2 

UI = 

u,d$ 
us = ~ 20h2 ( 3 )  

The velocity due to gravity, ug, can be calculated by the equation proposed 
by Hartman et al. (13). However, ug in this study is much smaller than 
the other velocities. Thus, it is negligible. 

Therefore, the cake resistance, R, ,  in Eq. ( 1 )  can be obtained as follows: 

(6) R,  = p P ~ C J - ( u p  - 111 - U,  - Ub - u,) dt 
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1596 CHANG AND HWANG 

Equation (1) can then be rearranged as 

Integration of Eq. (7) gives 

where ut = ul + us + iib + u,. 
During each experiment the volumetric flow rate of the suspension was 

kept constant, but the effective channel height of the filtration module 
decreased due to the growth of the cake under the surface of the mem- 
brane. Thus, the crossflow velocity must be modified as 

where ito is the crossflow velocity of the suspension measured at the outlet 
of the filtration cell, and hci is defined by 

In addition, the velocities due to lateral migration, shear-induced diffu- 
sion, and Brownian diffusion should be modified as 

Moreover, the particle concentration in the suspension was also modified: 

A stepwise iterative procedure was then used to calculate the unsteady 
permeate flux from Eqs. (8) and (11)-(14). 

EXPERIMENTAL APPARATUS AND METHODS 

The schematic diagram of the experimental setup is shown in Fig. 2. 
The suspension of spherical polystyrene latex particles was delivered from 
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I 

(valve L 
(valve 

7 

I. temp controller 2. s ther  

3.  valves 4. pressure gauge 

5. squeezing pump 6. rotameter 

7. filtration cell 

9. stock tank 10. recorder 

8.  electronic balance 

I 1. micro-metering pimp 

13. temp sensor 

12. heater 

14. deionized water beaker 

FIG. 2 Schematic diagram of experimental setup. 

a stock tank equipped with a temperature controller to a CFMF cell by 
a squeezing pump. The diameters and density of the polystyrene latex 
particles were 0.303, 0.606, and 1.020 pm. and 1.05 g/cm3, respectively. 
The dimensions of the filtration channel in the CFMF cell were 6 cm x 
0.6 cm x 0.036 cm, and the filters used were Durapore membranes made 
by Millipore. The membrane pore sizes were 0.1, 0.2. 0.45, and 0.65 km. 
Note that for all experimental runs the diameter of the suspension particles 
was always much larger than the membrane pore size in order to prevent 
particle penetration into or through the membrane. 

In all experiments the suspension flowed under the membrane of the 
CFMF cell, and the flow rate and inlet and outlet pressures of the suspen- 
sion were measured by a rotameter and pressure gauges, respectively. 
The suspension flow was always kept in the laminar flow region. The 
permeate flux through the membrane was measured by an electronic bal- 
ance and recorded by a recorder. The suspension flowing out of the CFMF 
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1598 CHANG AND HWANG 

cell was recycled to the stock tank, and deionized water was added to 
the suspension by a micro-metering pump to keep the total volume of the 
suspension in the stock tank constant. 

The effects of various operating conditions, including crossflow veloc- 
ity, pressure drop, particle size, electrolyte concentration, pH, particle 
concentration, and membrane pore size, on the unsteady-state permeate 
flux were investigated. 

RESULTS AND DISCUSSION 

Determination of the Specific Resistance (01) and Voidage 
(EJ of the Cake 

For constant pressure crossflow microfiltration, the relationship among 
the permeate flux, pressure drop across the membrane, membrane resis- 
tance, and cake resistance can be described by Darcy’s equation: 

where 

Wc = hciPpAm(1 - ~ c )  (17) 
By substituting Eq. (16) into Eq. (15) and then integrating Eq. (15), we 
obtain the well-known filtration equation 

Note that V is obtained from dead-end filtration experiments. The specific 
resistance, a, is obtained from the slope of the linear plot of tlV vs V. 
The voidage of the cake, ec ,  can then be evaluated by the Carman-Kozeny 
equation: 

180(1 - E,) 
a =  ~ i !  ppdg 

Unsteady-State Permeate Flux 

Unsteady-state permeate flux of CFMF under various operating condi- 
tions and the accuracy of the mathematical model developed in this study 
are described as follows. 
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PERMEATE FLUX OF CROSSFLOW MICROFILTRATION 1599 

Effect of Particle Size 

The effect of the suspension particle size on the unsteady-state permeate 
flux of CFMF is shown in Fig. 3.  As shown, the permeate flux increases 
with an increase in particle size. This is due to the fact that the lateral 
lift velocity and the shear-induced velocity increase as particle size is 
increased. As a result, cake thickness decreases with increasing particle 
size. Therefore, a higher permeate flux is obtained for suspensions of 
larger particle size. Also shown in this figure is that the permeate flux 
predicted by the mathematical model agrees very well with that obtained 
experimentally. 

Effect of Membrane Pore Size 

Membranes with pore size of 0.1, 0.2, 0.45, and 0.65 km were used to 
study the effect of membrane pore size on the unsteady-state permeate 
flux. The results are shown in Fig. 4. Membranes with larger pores have 
lower membrane resistance, and thus higher permeate fluxes were ob- 
tained. In addition, because of higher permeate fluxes, the cakes grow 
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FIG. 3 Effect of particle size on permeate flux (d, = 0.1 pm, A P  = 3.8 x lo4 Nt/mz, T 
= 30T,  pH 6.6,  [to = 1.8 mls, C = 50 ppmv). 
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Effect of pore size on permeate flux (d, = 1.0 pm. A P  = 3.8 x lo4 Ntirn', T = FIG. 4 
30T,  pH 6.6, u, = 1.8 m/s, C = 50 ppmv). 

faster for larger pore size membranes. As a result, a sharp drop of per- 
meate flux occurs in the initial filtration period, and a shorter time is 
needed to reach the steady-state condition. Note in this figure that model 
predictions are in agreement with experimental results. 

Effect of Crossflo w Velocity 

The effect of crossflow velocity on the permeate flux is shown in Figs. 
5A and 5B. As shown in Fig. 5A, the effect of crossflow velocity on the 
permeate flux is negligible for a particle size of 0.3 pm. On the other hand, 
as shown in Fig. 5B, the permeate flux increases with increasing crossflow 
velocity for a particle size of 1.0 pm. These results are similar to those 
reported by Davis (14) and Wiesner and Chellam (15). This is due to the 
fact that the backtransport velocity of 0.3 km particle is dominated by 
double-layer repulsion and Brownian diffusion, which are not affected by 
crossflow velocity. However, the backtransport velocity of a I .0 pm parti- 
cle is dominated by the lateral lift velocity and the shear-induced velocity, 
which are affected by crossflow velocity. It should be noted that there is 
good agreement between model predictions and experiment results. 
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FIG. 5A Effect of crossflow velocity on permeate flux (d, = 0.1 pm, dp = 0.3 pm, AP 

= 3.8 x 104 Ntlm2, T = 3WC, pH 6.6, C = 50 ppmv). 
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FIG. 5B Effect of crossflow velocity on permeate flux (dm = 0.1 pm, dp = 1.0 pm, A P  
= 3.8 x lo4 Nt/rnz. T = 30°C. pH 6.6, C = 50 ppmv). 
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1602 CHANG AND HWANG 

Effect of Pressure Drop 

The effect of pressure drop across the membrane on the permeate flux 
was studied using three different pressure drops: 1.7 x lo4, 3.8 x lo4, 
and 5.2 x lo4 Nt/m2. Figure 6 indicates that the permeate flux first in- 
creases and then decreases with increasing pressure drop. It is seen from 
Darcy's equation that the permeate flux increases with pressure drop. 
However, the voidage of the cake is low at a high pressure drop. As a 
result, the permeate flux is reduced at a high pressure drop due to high 
cake resistance. Therefore, a maximum permeate flux exists due to these 
two counteracting effects. 

Effect of Particle Concentration in the Suspension 

The effect of particle concentration in the suspension was studied using 
three different concentrations: 25, 50, and 200 ppmv. The results are 
shown in Fig. 7. The cake grows faster for a higher particle concentration 
in the suspension, so there is a sharp drop of permeate flux in the initial 
filtration period. In addition, the permeate flux decreases with particle 
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C "p. pred. 
25ppmv 0 - 
50ppmv A ...-... 
200ppmv 0 ---- 

o 20 40 60 80 100 120 140 160 I 8 0  200 220 240 

Time(min.1 

FIG. 7 Effect of particle concentration on permeate flux (d, = 0.1 pm, dp  = 0.3 pm. A P  
= 3.8 x lo4 Nt/m', T = 30"C, pH 6.6 ,  u,, = 1.8 mis). 

Concentration. Furthermore, good agreement between model predictions 
and experimental data is shown in this figure. 

Effect of €/ectro/yfe Concenfrafion 

NaCl solution was used as the electrolyte in the experiments. Figure 8 
indicates that the permeate flux decreases as NaCl concentration in the 
suspension is increased. This is due to the fact that the zeta potential 
decreases as the electrolyte concentration is increased (Table 1). As a 
consequence, the double-layer repulsion force between particles and 
backdiffusion decrease (16, 17), and the cake thickness is larger. There- 
fore, the unsteady-state permeate flux decreases with increasing NaCl 
concentration. 

Also shown in this figure is that the permeate flux in the initial period 
predicted by the model is higher than that obtained experimentally. This 
may be due to the fact that the particles in the suspension are more easily 
attracted to the membrane because of the opposite charges carried by the 
particles and the membrane. Thus, in the initial period the cake grows 
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NaCl exp. pred. 
0 M o -  
0.001M A _..-... 
0.01 M 0 - - - -  

n 

B ---.. -.?- .... .s ...... P. .__.__ u.. _. . a. ___. n .... _ _  
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Time(min.) 

FIG. 8 Effect of electrolyte concentration on permeate flux (d, = 0.1 pm, dp = 0.3 pm, 
A P  = 3.8 x lo4 Nt/m2, T = 30°C, pH 6 .6 .  uo = 1.8 m/s, C = 50 ppmv). 

faster, and the permeate flux decreases more than is predicted by the 
model. 

Effect of pH 

The effect of pH was studied using four different pH values: 3, 4, 6.6, 
and 9.5. Solutions of 15 M HC1 and 15 M NaOH were used to adjust the 
pH of the suspension, and 1 M NaCl solution was used to keep the ionic 
strength of the suspension at the same value in all experiments. Figure 9 

TABLE 1 
Zeta Potential of the Suspension of 0.303 pm Particles 

at pH 6.6 under Various NaCl Concentrations 

NaCl concentration (M) Zeta potential (mV) 

0 - 37 
0.001 - 22 
0.01 - 17 
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pH exp. pred. 
3 0 -  

4 A ...-_.. 
6.6 0 ---- 
9.5 0 

0 20 40 60 80 100 120 140 160 180 200 220 240 

Time(min.) 

FIG. 9 Effect of pH on permeate flux (d, = 0.1 pm, dp = 0.3 Wm, AP = 3.8 X lo4 Ntl 
m2, T = 30°C. pH 6.6 ,  it, = 1.8 mis, C = 50 ppmv). 

shows that the permeate flux first increases and then decreases with pH. 
Note in this figure that the experimental results are lower than the model 
predictions during the initial period of filtration. This is similar to what is 
shown in Fig. 8,  and the probable reason for this has been mentioned 
previously, i.e., opposite charges carried by the particles and the mem- 
brane. 

CONCLUSIONS 

Experiments were conducted to study crossflow microfiltration of sus- 
pensions of spherical polystyrene latex particles. It was found that the 
unsteady-state permeate flux increased with increasing particle size, mem- 
brane pore size, or crossflow velocity. However, it decreased with in- 
creasing particle concentration or electrolyte concentration in the sus- 
pension. 

Furthermore, the permeate flux first increased and then decreased with 
pressure drop across the membrane or the pH of the suspension. Thus, 
an optimum pressure drop or pH exists under which the permeate flux is 
maximum. 
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1606 CHANG AND HWANG 

A mathematical model based on mass balance and hydrodynamic theory 
was developed in this study. This model can accurately predict the un- 
steady-state permeate flux of crossflow microfiltration under various oper- 
ating conditions. 

NOTATl ONS 

Hamaker constant (J) 
filtration area of membrane (m2) 
cross section area of channel (m') 
particle concentration in the suspension (ppmv) 
modification of C (ppmv) 
membrane pore size (m) 
particle diameter (m) 
clearance of crossflow channel (m) 
cake thickness (m) 
modification of h, (m) 
Boltzmann constant (J/K) 
pressure drop across membrane (Nt/m') 
cake resistance (l/m) 
membrane resistance (Urn) 
temperature (K) 
filtration time (min) 
Brownian diffusion (m/s) 
modification of l ib  (m/s) 
velocity due to double-layer repulsion (m/s) 
velocity due to gravity (m/s) 
lateral lift velocity (m/s) 
modification of uI (m/s) 
crossflow velocity (m/s) 
modification of i fo  ( d s )  
permeate flux (m/s) 
modification of up (m/s) 
initial permeate flux (m/s) 
shear-induced velocity (m/s) 
modification of us (m/s) 
backtransport velocity (m/s) 
axial velocity of particle ( d s )  
cumulative volume of the permeate (m3) 
volume of the suspension in stock tank (m3) 
weight of cake (kg) 
Debye length (m) 
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Greek Letters 

OL 

P 
€0 

E C  cake voidage 
5 zeta potential (V) 
P water density (kg/m3) 
PP particle density (kg/m3) 

specific resistance of cake (dkg) 
viscosity of the suspension (kg/ms) 
dielectric constant of the suspension (Nt/V2) 
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